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L Book titles such as ”Covariant Physics” (Moataz H. Emam) and
”Covariant Loop Quantum Gravity: An Elementary Introduction to
Quantum Gravity and Spinfoam Theory” (Carlo Rovelli and Francesca
Vidotto) shout the important of covariance in modern mathematical
physics. In categorical terms, covariance is a family of natural

(el isomorphisms of pairs of functors defined on the groupoid of

ol diffeomorphisms in a category of “domains.”

WS <“Manifest covariance” is a syntactic concept arising from

z preservation of covariance of basic covariant tensor calculations
sl combined by composition and product maps.

e Differential geometry and general relativity theory calculations are
Bl expressible by algebraic string diagrams, including the Einstein
=Wdsl Curvature Tensor. Physical nature is categorically natural.
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A Practical Introduction to Tensor Networks:
Matrix Product States
and Projected Entangled Pair States
Roman Oris
Institute of Physics, Johannes Gutenberg University
55099 Mainz, Germany
June 11, 2014
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ADVANCES IN MATHEMATICS 88, 55-112 (1991)
The Geometry of Tensor Calculus, I
André Joyal
Université du Québec a Montréal, Case postale 8888, Succ. "A,”

Montréal. Québec

Canada, H3C3P8
Ross Street

Macquarie University
New South Wales 2109, Australia
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Applications of Negative Dimensional Tensors
Roger Penrose
Birkbeck College, University of London, England

a b 5 b

+ L/ =x}‘“9:f+ X:fef":f
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Treating a Penrose wire (which denotes an algebraic identification of
indices) as if it were a String Diagram wire (which denotes a persistent

object undergoing a process).

Confusing contraction in a tensor expression with compeosition of
morphisms in a category. A contraction is a bilinear operation yielding
a scalar or lower-rank tensor, not a morphism A — B.

o Penrose diagrams are syntactic devices for eliminating dummy
indices.

@ Their semantics is multilinearity and summation, not temporal or
causal process.

o String diagrams are semantic representations of morphism
composition.

@ Directionality belongs to the interpretation convention, not to bare
connectivity.

6/68



Tensor
Transfor-
mation
Theorem

Multi-
linearity
Tensor
Theorem

Christoffel

Theorem

Willmore
-Palatini
Theorem

Covariant
Derivative
Theorem

Parallelism
Theorem

Lie Bracket
Theorem

Covariance
Theorem

Brooklyn, 1955

@ Superman
@ Anti-gravity
@ “Bobby” Reasenberg

Harvard-Smithsonian Center for Astrophysics
Smithsonian Astrophysical Laboratory

R. D. Reasenberg, J. Phillips * Published 1 December 2007 ¢ Physics ®

International Journal of Modern Physics D

To test the equivalence principle (EP), we are developing a modern
Galilean experiment. In our principle-of-equivalence measurement
(POEM), we directly examine the relative motion of two test mass
assemblies (TMA) that are freely falling.
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In Memoriam
Ralph Abraham 1936-2024
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Columbia University, School of Engineering, Spring, 1963
MASTERPIECES OF THE FINE ARTS HUMAN CI1121Y D
MASTERPIECES OF MUSIC HUMAN C1123Y C+
DIFFERENTIAL GEOMETRY! MATHW3386Y A-
DIFFERENTIAL GEOMETRY AND RELATIVITY> MATH G4512Y A+

5’//7/58'

E-' Pigy 17 Laég,u?e’ a 72{?(;‘-'-. Wgﬂ

Professor Masatake Kuranishi
ZResearch Associate Ralph Abraham
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Example:

A physical theory is said to be covariant with respect to a certain class of
transformations when its basic equations retain their form’ under those
transformations. It is one of the basic notions encountered in physics.

“Students’ notions regarding ’covariance’ of a physical theory,” Atanu
Bandyopadhyay and Arvind Kumar, European Journal of Physics, 2010,
Volume 31, Number 6

12/68



Trans
mation
Theorem

mation
Theorem

Willmore

Theorem

Parallelism
Theorem

Lie Bracket
Theorem

Riemannian

Theorem

Example:

“We call something invariant, if it does not change under
transformations. For instance, let’s consider something arbitrary like

F =F(A,B,C,...) that depends on different quantities A, B, C, .. .. |

we transform A,B,C, ... —> A’,B’,C’, ... and we have

F(A,B,C,..)=F(AB,C,...)

F is called invariant under this transformation.” (Jakob Schwichtenberg,

“Physics from Symmetry”)

f

Example:

”As a matter of jargon, we will sometimes refer to quantities written in
terms of tensors as covariant (which has nothing to do with “covariant”
as opposed to “contravariant’).” Sean Carroll, ”Spacetime and Geometry,

An Introduction to General Relativity”

13768
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Example:

“An equation is called covariant, if it takes the same form when the
objects in it are transformed. For instance, if we have an equation

Ey = aA® + bBA + cC*

and after the transformation this equation reads
E! =aA"® + bB'A’ +cC"
the equation is called covariant, because the form stayed the same.
Another equation
E> =x?+4axy +z
that after a transformation looks like
E,=y® +4az'y’ +y”? +82'x’

is not covariant, because it changed its form completely.” (Jakob
Schwichtenberg, “Physics from Symmetry”)

s
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Category of Domains and Smooth Maps
e The objects of Dom are open sets U of n-fold cartesian products of the

B rcal numbers R, for varying n € Ny. The morphisms are C* functions
U2 U, Dom ¢ Set, Dom(U, V) ¢ C=.

g8 Detail:
Theorern e N={0,1,2,3,4,...};

Willmm:c o N@ = N— {0} = {1,2, 3, 4, .o },
o nEN,openuanzRX---XR

| —
n
Theor . . . .
e @ components (note: L == R means expression L is an abbreviation
Parallelism .
Theorem for the expression R.)

Lie Bracket
Theorem

Riemannian

X(x) == X(X1,...,Xp)

== ()_(1()(1,.. .,Xn),. ..,)_(m(X‘],. ..,Xn)) .

Theorem 15/68




Detail:

mation

Theorem @ curve (a,b) C R (open interval, with 0), (a, b) Lu

@ scalar field U—f> R,f € Dom(U,R) c C*®

. N O . .
o partial derivative U > R,1<i<n;d == 2 == 2| ;if
1 1

d d .
n =1, then 91 == o = Eho 2

Theorem f
o o field along curve: (a,0,b) LUSR;
i e by an adjunction, X € Dom (U, R") corresponds to

[1,....n] = [n] 5 Dom(U,R), and (X())(p) = X|,.

Theorem

Theorem
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Theorem 16/68



Tensor
Transfor-
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over the field (R, +, x, 0, 1) of real numbers.
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TllC\)IASIH —

. . X . .
Vector X € FDVeect with coordinates [n] — R has expansion with
Wl respect to basis [by, ..., bp]
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Theorem X

[
o
&
+
+
x
3
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Theorem E XI . b/

= X'b;

P
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free{by,...,b,} = {Xl;l | X eR™}
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If V is a finite-dimensional vector space, then V = V**.

Define ¢ : V — V** by
(e(V)(a) =a(v), veV,aeV"
That is, ¢(v) is the evaluation functional on V* at v.

[(1)] ¢ is injective:
If ¢(x) = ¢(y), then for all @ € V*,

a(x) = (p()) (@) = (p(¥) (@) = a(y).

Hence a(x — y) = 0 for all @ € V*, which implies x —y = 0, so x = y.

19/68
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[(i1)] ¢ is surjective: Choose a basis (e,-),f’:1 of V and its dual basis
(&' i, of V*, satisfying
é’(e,-) = (Sjl

Let z € V** and define
n .
X = Zz(é’) e eV.
i=1

Then for any @ € V7,

(p(0)) (@) = a(x) = a(X;2(8) &) = 3;2(8") a(e) =

2(5i a(e) &) = z(a),

since @ = Y}; a(e;) €' in the dual basis. Thus ¢(x) = z, and ¢ is
surjective.

Therefore ¢ is a linear bijection, hence an isomorphism V = V**.
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FDVect is a symmetric closed rigid monoidal category.

Naturally,

[symmetric] U®V &, Ve U,

[monoidal]

A
ROV VE VR (UsV)o W

UV ->w

/ _—
[closed] VS WU

au,v.w

Us (Ve W),

Proof thoughts:

The mathematical structure is (Vect, ®, -, *, 4, p, @, 0, ev, coev).
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Proof thought:

[rigidity]

Ay

ReV

4

VeR

evy®lv

(Ve VeV

VEe (Ve VY

Tv=®evy

V*®R

ay vy

%N

Tv®coevy

~— Ve (V'eV)

i ,V* * *
— > (V' V)’V

coevy®lv

V*

ReV*

*

Py

ﬂv*
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For p € U € Dom, ©U|, denotes the set of C* functions defined in
some open neighborhood around p and contained in U.

\

For p € U € Dom, a tangential-derivation at p is a linear and
Leibnizian function 5
©U|p — ©U|p .

That means: forascalara e R,d(a-f+9g) =a-d(f) +d(g), and
6(f-g)=1f-56(g) +6(f) - g, all defined pointwise.

Forp = (x4, ...,Xn) € U € Dom the n functions
ai|p a 5
©U|p — ©Ulp : 0ilp = a—x|p, 1<i<n
i

are tangential-derivations.

23768



L Tangential-Derivation Space
mation

F— TS U|p denotes the set of tangential-derivations at p € U.

Multi- »
linearity

Theorem

. (Tg Ulp), +,0) is an n-dimensional R-vector space with basis

Sl [O1]p, - . ., Onlp] and in which addition ¢ + ¢” and scalar multiplication
B 3 - 6 are defined pointwise: (6 + &')f := 6(f) + 6'(f),

PSR (2 - 6)(f) := a- (6(f)). The basic tangential-derivations ;| are called
Bl the coordinate-derivations at p. There is a canonical isomorphism
Dovarant Tg Ulp = R" in which ¢, corresponds to the standard basis vector
L (0,...,0,1,0,...,0) € R” with 1 at the / position.

Parallelism
Theorem

Lie racket | Proof references:

Theorem

Richard L. Bishop and Samuel I. Goldberg, “Tensor Analysis on
Manifolds,” Theorem 1.7.1, Also see Abraham-Marsden, Theorem
2.2.10, page 83.

.

Covariance
Theorem
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There are functors

T, 17
Dom —— FDVect .

The total tangent space is the disjoint union of the tangent spaces,

T 1
ToU = T3Ul.
peU

Dually, the total cotangent space is

0/ .— 0
T = Ul
peU

25/68
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mation The structure

Theorem

iU u

ﬁn;éf in which 7(U)(Xp) := p is called the tangent bundle over U. A section
eorem . . X . .

of 7y is a function U — Tg U such that 7y o X = 1. A section X is a

el smooth vector field if the map

Theorem

Willmore

. :
USTu= iU, =] R
peU peU

Theorem iS in Dom(U, Rn)
el The set of smooth vector fields over U is denoted by

Theorem

Lie Bracket

Treorem 7o'U = [ | T3Ulp And dually, 70U = [ | YUl
i i peU peU

is the set of smooth covector fields over U.

Theorem
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A smooth vector field X € 7(')1 U determines a linear and Leibnizian
function, a derivation,

70U % 70U
defined for f € Dom(U,R) and X = X'|, by X (f)|p := X if|p.
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Jacobian Matrix

U2 O asin X = X(x) with U ¢ R?, 0 € R™, then the Jacobian

J
matrix of ¢ is (the function [n] X [m] 2, R) represented by the array

01X -+ OnXq
Je=1 1 gx
The Jacobian matrix is the coordinate representation of a linear

transformation called pushforward 761 U ‘L 751 U of smooth vector
fields:

X' 01Xy -0 OnX X'
- = (9,')_(1' o
Xm 81 )_(m A 6n)_(m Xn
in which _
)_(] = Xi V. — Xi an
oy = D, X% = " P
ie[n] ie[n] ! 28768



Jacobian Matrix in Algebraic-String Diagram
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J1s
[ARTA [N
tj _f — tj .1/‘1
Jds s

Argh .. gk

1.7.5 Proposition. Let ¢ € L(E, F) be an isomorphism. For ordered
bases & = (ey,...,e,) of E and f :'(f1,. .
¢ (e)) = Af; and (¢7')" (@) = B/f. Then B/.Ak ABl =

inverse matrix of (Aj ) is ( B/ ), and for t € T,(E) with components

,Fn) of F, suppose

6" or the

£ relative to &, the components of @it relative to f are given by
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LUUM There are functors Mult and T for which the the values at a
Theorem . 8 5
finite-dimensional vector space E are

Multg(E) := Multilinear (E* X - -- x E*) x (E X - - - X E),R)

r S
Transfor-

mation Tsr(E) = (E R:---® E) ® (E* Q- ® E*)
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Proof without words:

tXi. ... X = tX bl x b))
=x/tblxfb ... x'))
=xyXitb bl xb )

= X[ XHb....b)
=X X16,®-. B8

32/68



Affine Connection
Trans
mation An affine connection on domain U is an R-bilinear map

Theorem
1 TN =
T3U X T'U = 75U

such that for f € Dom(U,R) and X, Y € 7,'U, derivation:

mation

Theorem VfXY = f . VX Yv
Willmm:c VXfY = f 0 VXY o X(f) : Y .

Theorem

The smooth vector field Vx Y is called the covariant-derivative of Y
el with respect to X. In particular, the covariant-derivative of o) with
R respect to 9; is a smooth vector field, and as such has components as in
B the expansion

Va0) =T} k.

Theorem
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VX = N, Y705
= X'Vi (Y72;) _
_ Xi(\(a' V. %5 + 2,9,Y%)
= ”‘(?V“}K*X‘ﬂag
o = (WY 9+ S

Paralelism = ( X"\(J r-\ + X L)) o ‘e
(VO = X OO+ e .
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GOSN For a diffeomorphism x — X in Dom, the transformation law I’ — T
Ml for components of the Christoffel function is
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Tensor = =

TT]l‘orsm =k 8Xp 3Xq r an 3Xk 32Xp

i~ 5% ox PIoxT T oxP oxiox |
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T Ul x T Ul — 71Ul
JXJT 4 lJ
51 Ol x T3 Ol — 751 Ol
L0k = V(8. 9)
= J(V(J8;,J)
= J(V(J,’."ap,@."aq))
= J(J,P(V(apa://qaq)))

= (I [TV (3. 00) + V(5. 7))

= I | Fpq0| + P |36l
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J(H™8,) = H'J(8;) = H'JXdk
Tensor’ I:I,(j = HrJII,(
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% = PITD + P [0,(0 ]
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9%; 9%, OX; 0x,
=\ 9% 9%, | ox00%,

N\ 0%,
= (o) ==L
( b) OXpOX;
0%,
~ 0%,0%;

Proof, continued
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Proof, concluded.
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Mu]ti- I:k _ (9Xp an r 8)_(k
I oxi oxi P ox

Theorem

\’v'illm.mv'c F aZX

Theorem

-
~.
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oxk 9%xP

OxP 9x' dxI

JK JK
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Transfor-

mation The covariant-derivative operator extends to the entire tensor algebra.

Theorem

:\I:]Lkl,hl:ll\ V t a t + IIP I
) N E 2 J ,ql I’
1<q<S

1<p<r

Christoffel
Transfor-

Abraham-Marsden, 2.2.17 and p.148 re Willmore’s formula. Also, Levi-Civita
in “The Absolute Differential Calculus” cites A. Palatini, 1919.

Theorem

[“+ when correcting “up” indices] |interchange and sum
on index being corrected

Parallelism differentiating index]
Theorem _
Sy = Sys + Spy T s Syl gs — Sl s
Lie Bracket [“—" when correcting “down” indices}-——T
interchange and sum differentiating
on index being corrected index

The “rule” as in Meisner-Thorne-Wheeler.

40/68



Title

Tcn sor _

For a diffeomorphism x — X in Dom, the transform of an affine
connection is an affine connection. That is to say, if

Theorem

Multi-
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Tensor 1 1 Vv 1
Theorem 75 le X 75 U|X 76 le
Christoffel
ansfor- JXJT v lJ
Theorem v
17 17 17

Willmore 78 Ul)_( X 75 U|)_( 78 Ul)_(

-Palatini
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Riemannian
Geometry
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N
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1 Crux of Proof:
Multi-

linearity
Tensor

iz VX, fY) = (Jo Vo (JxJ)(X,FY)
Tansior. = (J o V)(JX, J(fY))

: = (J o V)(IX, FI(Y))

e = J(V(IX,I(Y)))

= J(FY(IX,JY) + (IX(H)Y))

= (J(V(IX,JY)) + J(IX)(F)Y)
Parallelism = fJ(V(JX, jY)) + (jX) (HJY).

Theorem

Lie Bracket
Theorem

Riemannian
Geometry
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Manifest
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Covariant-Derivative along a Curve

For a domain U, a curve (&, 0, b) R U, and a smooth vector field

X
U 5 7,")U, the covariant-derivative of X along y is the composition

V,X := Vo (Jy omg, X ompy), as in the diagram that proves that
covariant-derivative along a curve is covariant:

Jy

7, (a, b) To'U

an ”10T

1 1 1 v i
Ty (@,b) X U o =T UX Ty U——7,'U

l 701 l TTo1

U To'U
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Parallelism (Abraham-Marsden, 2.7.3)

Al X is autoparallel along y if V., X = 0, and vy is a geodesic if Jy is
QRN autoparallel along y.

v

Tens
Theorem

() IfpeUand V€ 751 U, then there is a unique geodesic y such that

v(0) = pand Jy(0) = Vy. (ii) For any curve (a, s, t, b) 2 U, there is a
tangent space isomorphism

Theorem

Willmore
-Palatini
Theorem T,
1 ts o1
—

Covariant 76 U|y(s) 76 Ulyt
Derivative

Theorem

and functorially, 7; s © Ts; = Tt , Ts,s 1S the identity map.

Lie Bracket

Theorem PrOOf Ilote
Solve an ordinary differential equation with two initial conditions.

This is how a connection connects tangent spaces.

Theorem

44/68



Title

Tensor —

Transfor-

et The Lie-bracket calculation of smooth vector fields X, Y € 75! Uis
defined by

Multi-
linearity
Tensor

Theorem T1 U X T1 U T1 U
Christoftel [X, Y]kak 0= (X’a,) Yk k - (Y]a/)xkak

Willmore
-Palatini

Pl Scan Carroll, ”Spacetime and Geometry, An Introduction to General
Relativity”

Derivative

Theorem

Parallelism

Theorcn’l L == 'C(_ —

) :=[_, ] is covariant.

It must be proved that

Geometry L(X, y) — .C_()_(, V)
for any diffeomorphism ¢ € Diff, in which X = Jy(X) and Yy = Jg(Y).

Theorem
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maion | Proof, on the left
Theorem

Jo(LX'0,Y10)) = Jp (X '0) Y = (YI5) X))

T];;SOTEI“ = ((Xla[) Yk - ( Ylal)xk)Jfa_b

Filiaere = (L (X' a)Y* =L (Y5 X¥)Dp
Oxp OYE Oxp OXK -

Cm‘.‘ul({nl = (XI ﬁ _— Yj ﬁ _— 8

= O Oxi—— PXe 0

. oYk axk

v = X G~ Y5 )
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Title

Tensor
Transfor-
mation
Theorem

Multi-
linearity
Tensor
Theorem

Christoffel
Transfor-
mation
Theorem

Willmore
-Palatini
Theorem

Covariant
Derivative

Theorem

Parallelism
Theorem

Riemannian
Geometry
Theorem

ovariance
Theorem

Proof, on the right

LX,Y)

‘f()_(bgb’ Vca_C)
= (XP3,Y' -

\7050)_(/)5/

= (PXN) (oY) = (JFY)(8:X"))d)

= (FPXNIp(JY) = (JFY))Be(J]X"))0s; and also
- Y 92X
0p(J] - YN) = S, —— +J] \Z
(4] V1) = box; P axiox;
= oxX! 0%x .
/ i / - I i
XN = X
I (J; - X') = JJf +J, 30% )
8Y a X
= (JPJJ, +JPJ ———YIX'
= ( b ox; b 5x;0x;
XI 245
—JCJ’J’ a—Yf J’JC X L XY,
T 9x;0%
yi ax'
(J’a =Yg == L(X,Y).

Ial
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Title

Tensor
ansfor-
ation

Theorem

Multi-
linearity
Tensor
Theorem

Christoffel
ansfor-

Willmore
-Palatini
Theorem

Covariant
Derivative
Theorem

Parallelism
Theorem

Riemannian
Geometry
Theorem

Manifest
Covariance
Theorem

Algebraic-String Diagram

= (xbv YL,X )
— (URN@T) - U @xh) 3]

- (UFIXSY) - DK ‘/))a and also

a (J\_/) = JF @3)(

3(J\j)’“\_, axax
#ﬁ—_’_‘_f,_ix

J S0

‘ Geometry of notation for geometry?

48/68



Title

Tensor

For n € N, define Diff to be the category in which:
@ objects are n-dimensional domains U € Dom;
o morphisms are diffeomorphisms f : U — U.

All morphisms are invertible, so IDiff is a groupoid,

Christoffel

T

Theorem Difff ¢ Dom c Set .

Willmore

Change of coordinates is an action
of a groupoid, not a formula.

Parallelism
Theorem

Riemannian
Geometry
Theorem
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Title

Tensor
Transfor-

mation A geometric object is a functor

Theorem

Multi-

linearity T . Dﬂfﬁ — IFDWCB(B]T;,
Tensor
Theorem
Christoffel aSSIgnlng'
Transfor- o o . 3
i @ a finite-dimensional vector space ¥ (U) to each domain U;
Theorem
. . . Fo — . .
Willmore @ a linear isomorphism ¥ U — ¥ U to each diffeomorphism
- ni
¢) =
Theorem
U—U. )

Covariant
Derivative
Theorem
Parllelism A geometric object is a

neorem

representation of the diffeomorphism
groupoid.

Riemannian
Geometry
Theorem

ance
Theorem
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Title

Tensor
Transfor-

mation

Theorem

Muli For 0 <n e N,r,s € N, define the (r,s)-index
inearity

Tensor
Theorem

Christoffel
Transfor-
mation r S
Theorem

with typical element

Willmore
ni

Theorem

Covariant

((i1"-~’il’)a (./.1’---7.13))'
Derivative

LS Since Dom (U, R) is an (infinite-dimensional) R-vector space, so is
parallcism Dom (U, R) T, which is the vector space of (r,s)-indexed smooth

scalar fields on domain U. (Also, they are modules over the unital
commutative ring of smooth scalar fields.)

Riemannian
Geometry
Theorem

ance
Theorem
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Title

Te nsor _

For domain U C R”, define

Theorem

Multi-

linearity (]-s-‘l’(U) = ]D(Dm(U, R)/\I[; s
Tensor

Theorem

e the vector space of (r, s)—indexed smooth scalar fields

or

Theorem U _t) R/\]If'
s -
Willmore
ni

Theorem

If ¢ : U — U is a diffeomorphism, with Jacobian

Covariant

"L;henrct::(. J¢ (X) € GL(n9 R)’ J¢‘1 ()_() € GL(n9 R)
Parallelism

Theorem deﬁne

7 _
77 (U) 22, 77 (D)

Riemannian
Geometry
Theorem

ance
Theorem
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Definition: Covariant Calculation

B et 71, ..., Fx, G be geometric-object functors.
A covariant calculation is a multi-linear natural transformation

mation

FUX- - XFr > G.

WS That is, for a diffeomorphism f : U — U, there is a naturality diagram

Willmore

-Palatini nu

Theorem T‘] U XX TkU QU
7’1¢><-~~><ﬂ¢j 7 lw

Theorem

Parallelism ﬁ U XX ﬁU — gU

Theorem Mo

Covariance = Naturality ‘

Riemannian ‘

Theorem 53/68



Title

Tensor
Transfor-
mati

Theorem
linearity

Tensor De% _c_&m&- ‘5 A h\"'l\\/\‘eﬂr\l‘ M&DP

Theorem

stoffl Tﬁa ¥—r4‘; T& HT(L

Theorem AB-G] Vi\gé b‘ar
Willmore R (x )\(’ %) = Z'(VY z - VYVX s —V‘_Y,\/]Z- -

-Palatini
Theorem

—
. -

L
Covaria Own bases, Pw'i\r-
Theorem 205,252, ...(‘7 5 2y )

Parallelism

Theorem [a‘ ) 923 O ’

s\nee

2
Q—(V}v& Q\D

I\u mannian

Theorem

l\l anifest
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Title

Tensor

Multi-
linearity
Tensor
Theorem

Christoffel
Transfor-
mation
Theorem

Willmore
-Palatini
Theorem

Covariant
Derivative
Theorem

Parallelism
Theorem

Riemannian
Geometry

Manifest
Covariance
Theorem

Curvature
L a, 4
(7. (v2)) = (G m))

(Yﬂk V; 90 T gmv ‘;\1 )

(\’1 v 90\ aCIND rkk)
(@_ w\ x 9;\;3:.1)9,2

2

‘. (’\7’;?73-9\@7 ,
mEE+ 2
= 3 ;\«& x \’E'LG
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Title

Tensor

m
Theorem

Multi-
linearity
Tensor
Theorem

Theorem
Willmore
Theorem
Covariant
tive
Theorem

Parallelism
Theorem

Riemannian
Geometry
Theorem

ance
Theorem

Curvature

0Y,

£
Sinte (V*Vda\'-j = B; {7
ntevehawpivg 1, % yrelds
L
L _fn. T _ o,
ehe = (2 G — 81

G

LG

S =(om -9 )
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Transfor-
mation
Theorem

mation
Theorem

Willmore

Theorem

Parallelism
Theorem

Riemannian

Ci ance
Theorem

The assignment U — 7 U, f — Jf defines a functor Dom 7 Alg; that

1s, for U—f> 4 ER W we have

T(g of) = TgoTf, T(idu) = idgy.

At the conceptual level, the pushforward
f. == 7 f is the linear map whose coordinate
representation is the Jacobian Jf.
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mation
Theorem

Theorem

Willmore

Theorem

Parallelism
Theorem

Lie Bracket
Theorem

ance
Theorem

Riemannian Metric
A symmetric positive-definite bilinear map

TUxTUS R

is called a Riemannian metric for domain U € Dom. Since there is a
canonical bijection Tg Ulp = R" for p in domain U, each tangent space

inherits the standard scalar product (a contraction) from R"”. Hence,
every domain has a Riemannian metric. (Regarding existence of a

Riemannian metric for a differentiable manifold, see Abraham-Marsden

2.5.13, re “partition of unity.”)
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Title

Tensor

Theorem

Multi-
linearity
Tensor
Theorem

Christoffel

It
Theorem

Willmore
-Palatini
Theorem

Parallelism
Theorem

__ 10
geT__T2

TxTLR

definition

T2 RAT = T

closed

gb is injective

g positive definite

gy is invertible

T is finite-dimensional

T g*:=(gy)"
; definition@»
* g k%
% closed
T"xT*—>R
geT?
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Title
Tensor

mati
Theorem

Multi-

li y
Tensor
Theorem

Theorem

Willmore

tive
Theorem

Parallelism
Theorem

ance
Theorem

Musical Lemma

If g is a Riemannian metric. then for any diffeomorphism f : U — U,
the index-lowering and index-raising maps

b: U - 70, #:7;°U—>7,'0

are covariant:

f.(bX) = b(f.X), f.(fa) = #(f.@).
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Transfor-
mation
Theorem

Multi-
linearity
Tensor
Theorem

Christoffel
Transfor-
mati
Theorem

Willmore

-Palatini
Theorem

Parallelism
Theorem

Lie Bracket

If Vg = 0 (“metric compatibility”) and F,f‘j =

F/f‘i (“torsion free”) then I' is determined by g
(“Levi-Civita connection”).
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Title

Tensor
Transfor-

mation For Riemannian metric g € 7§°U there exists an affine connection V(g)
B (o1 which the Christoffel T = T (g) coefficients are defined by

Multi-
linearity
L = 39" g +ad ~dg

Christoffel
Transfor-

mation
Theorem PI"OOf, Part 1
Willmore
.
(e - \q- 1]
N )

e

;l"hcnrcm au .u e
=(9 - . 5 =
Sount

Theorem

Parallelism _ ? a B
Theorem a‘g = 9 - - =
Lie Bracket ’

Theorem

ance

Theorem 62/68



Tran:
mation
Theorem

Multi-

Theorem
Christoffel

mation
Theorem

Willmore
-Palatini
Theorem

Covariant
Derivative
Theorem

Parallelism
Theorem

Lie B t

Theorem

Manifest
Covariance
Theorem

Proof, Part 2

0

=99~

o8

— +6.QH\+ ZI:Hg/,
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Basic Proposition
Over a domain U and if 0 < k,r,s,r,”,8’,1<p<r,1<qg<sinN,
then the following basic tensor calculations are covariant:

. —la
contraction Ty — 7" pl
0,0 —ar—
addition 7 x7 — 75
Theorem . . . _e__
scalar field multiplication ~ 7,° x 75" = 7'
Willmore
i r _Q_ 7
T r+r
7;+S'

outer product 75 X 75
b

index-raise 75 — 7./

Theorem
Hr—
Parallelism . _ r r—1
Theorem index-lower g — 7;+
Lie e . 1 1 [7’7] ;
Theorem Lie-bracket 7' X7, —— 7,

. L v
covariant derivative 751 X 751 N ‘761

Ci ance
Theorem
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mation
Theorem

Tens
Theorem

Theorem

Willmore
-Palatini
Theorem

Covariant
Derivative
Theorem

Parallelism
Theorem

Lie Bracket
Theorem

Tensor Calculation Form

The set of (tensor-calculation-)forms is denoted by ¥ orm and is

defined to be the smallest set of tensor algebra morphisms such that
@ every basic covariant tensor calculation is in ¥ orm;

o if A and B are in ¥ orm and B may be composed with A, then Bo A
is in ¥ orm;

fi : . . .
e if T — T (i)for 1 < i < m are tensor algebra morphisms in ¥ orm,

fiyeifm ..
then T 2™ 71y . % T(m) is in Form.

Every tensor-calculation-form in # orm is covariant.

Proof Thought

Basic Proposition and structural induction.
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Trans
mation
Theorem

Tensor
Theorem

mation
Theorem

Willmore

Theorem

Parallelism
Theorem

Lie Bracket
Theorem

“Electromagnetic four-Potential”

According to Wikipedia, the “differential of the electromagnetic
potential” is
Fap = 02Ap — OpAa -

This expression for F,p, is not manifestly covariant. But by covariant
differentiation (Willmore’s Formula),

éia/xb = ‘7a/4[) + Iﬁgl)/ic
é)b/qa = ‘7b/qa + I?;a/qc

Therefore,

Fap = (VaAp + ngAc) — (VpAa + FgaAc)
= VaAp — VhA,

Since I" is assumed torsion-free. Therefore, F;p is manifestly covariant.
v
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Title

Tensor
Transfor-
mation
Theorem

Multi-
lin y
Tensor
Theorem

Christoffel
Transfor-
mation
Theorem

Willmore
-Palatini
Theorem

Covariant
Derivative
Theorem

Parallelism
Theorem

Lie Bracket
Theorem

Riemannian
Geometry
Theorem

“Einstein Tensor”

g
s
S
~
Il
=
=
o
\ e, ‘
T

t %
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Theorem

Multi-
line
Tenso
Theor 1

B Thank you for your attention to
Christoffel . . .
Trul.lx'fnr— o algebralc—strlng dlagrams
mati
Theorem @ manifest-covariance theorem
Willmore

ni o functorial and natural definitions of geometric object and the
forms of calculation

Theorem

Derivative
Theorem

Parallelism
Theorem

Lie Bracket
Theorem

Theorem
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